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Abstract
In this paper we consider the problem of finding integers k such that the
sum of k consecutive cubes starting at n3 is a perfect square. We give an
upper bound of k in terms of n and then, list all possible k when 1 < n ≤ 300.
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1. Introduction
The problem of finding integers k such that the sum of k consecutive squares is
a square has been initiated by Lucas [3], who formulated the problem as follows:
when does a square pyramid of cannonballs contain a number of cannonballs which
is a perfect square? This is equivalent to solving the diophantine equation
12 + 22 + 32 + 42 + · · ·+ k2 = y2. (1.1)
It was not until 1918 that a complete solution to Lucas’ problem was given by
Watson [5]. He showed that the diophantine equation (1.1) has only two solutions,
namely (k, y) = (1, 1) and (24, 70). It is natural to ask whether this phenomenon
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keeps occurring when the initial square is shifted. This is in fact equivalent to
solving the following diophantine equation
n2 + (n+ 1)2 + · · ·+ (n+ k − 1)2 = y2. (1.2)
This problem has been considered by many authors from different points of view.
For instance, Beeckmans [1] determined all values 1 ≤ k ≤ 1000 for which equation
(1.2) has solutions (n, y). Using the theory of elliptic curves Bremner, Stroeker
and Tzanakis [2] found all solutions k and y to equation (1.2) when 1 ≤ n ≤ 100.
Stroeker [4] considered the question of when does a sum of k consecutive cubes
starting at n3 equal a perfect square. He [4], considered the case where k is a fixed
integer. In this paper we take n > 1 a fixed integer and consider the question of
when does a sum k consecutive cubes starting at n3 equal a perfect square. We will
give in theorem 1 an upper bound of k in term of n, and then use this upper bound
to do some computations to list all possible k when 1 ≤ n ≤ 300. Our method uses
only elementary techniques.
2. The sum of k consecutive cubes being a square
Stroeker [4] considered the question of when does a sum of k consecutive cubes
starting at n3 equal a perfect square. He [4] considered the case where k is a fixed
integer. This is equivalent to solving the following diophantine equation:
n3 + (n+ 1)3 + · · ·+ (n+ k − 1)3 = y2. (2.1)
The problem is interesting only when n > 1. In fact, when n = 1, because of the





equation (2.1) is always true
for any value of the integer k. Stroeker [4] solved equation (2.1) for 2 ≤ k ≤ 50
and k = 98. We prove the following.
Theorem 2.1. If n > 1 is a fixed integer, there are only finitely many k such
that the sum of k consecutive cubes starting at n3 is a perfect square. Moreover,










n3 + (n+ 1)3 + · · ·+ (n+ k − 1)3 =
(









Hence equation (2.1) gives(
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y = α(a2 − b2)
α ∈ N (2.3)
where a, b ∈ N, gcd(a, b) = 1, a > b, a 6= b (mod 2). The first equation in system
(2.2) gives that
(n+ k − 1)2 < 2α(a2 + b2). (2.4)












2 ≥ α(a2 + b2). (2.5)
Inequality (2.4) combined with inequality (2.5) yield
































> 2α2a2b2 > α(a2 + b2) >
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3. Some computations
Based upon Theorem 2.1, we wrote a program in MAPLE and found the solutions

































Remark 3.1. Let Cn = |{(k, y) solution to equation (2.1) }|. We see from theorem
1, that for every n, Cn is finite, and from the table above, that for 1 ≤ n ≤ 300,
Cn ≤ 7. It would be interesting to see if there exists a constant C such that Cn ≤ C
for every n.
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